ABSTRACT. We consider the problem of determining the number of inseparable leaves of nonsingular polynomial differential equations of degree two. As a corollary of a classification theorem for the foliation defined by these equations, we prove that this number is at most 2.
1. Introduction. The study of nonsingular differential equations in the plane is dominated by two closely related aspects: the existence of inseparable trajectories and Reeb components (since there are no closed orbits and no singularities). A Reeb component is a region of the plane where the foliation defined by the differential equation is conjugate to the foliation defined by x dx + (1 -x 2 ) dy = 0 in the region Ixl :::; 1 (Figure 1 ).
For the polynomial case, L. Markus showed in [Ma] that the number of inseparable trajectories of the differential equation P dx + Q dy = 0 is at most 6n where 2n is the degree of p 2 + Q2. Later M. P. Muller and independently S. Schecter and M. Singer [Mii, S.S.] , showed this number to be at most 2n. Schecter and Singer obtained also examples for n even, n 2: 4, of differential equations with 2n -4 inseparable trajectories.
In this paper we exhibit all possible types of topological behavior for the trajectories of the differential equation in the Poincare compactification of the plane and as a consequence we show that for n = 2 there are at most 2 inseparable trajectories. This also answers a question raised by C. Chicone and Tian Jing Huang [C.T.] concerning the number of Reeb components that a quadratic system in the plane may admit. So we have the following. In order to prove this result we shall consider R2 as the tangent plane to 8 2 at (0,0,1) and use central projection to get a foliation in the open upper hemisphere which extends (with singularities) to the equator. We will study local behavior of the foliation near the singularities and show that this local behavior determines the foliation. Computations on the sphere will be made on the coordinate system defined by central projection on the plane x = 1. So we are actually using central projection to pass from z = 1 to x = 1 which amounts to the well-known change of coordinates x = liZ, y = YIZ.
In §2 we perform this change of variables, in §3 we make th~ case by case analysis, leaving some technical computations to §4 (mainly blowing up singularities).
After completing this paper, the authors learned that Sheng Li-Ren [S] had also treated this question, with different methods. The referee informed us of the existence of another paper on this subject by A. Gasull, Sheng Li-Ren, and
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Changing variables.
Let us call Y, Z the coordinates in the plane x = 1. Let h be the map from the YZ plane to the xy plane given by x = liZ, y = YIZ.
Let w = P(x, y) dx + Q(x, y) dy; if Pi and Qi are the homogeneous parts of P and Q respectively of degree i, then the form We know that to each singularity of V corresponds a pair of singularities at antipodal points in the half-sphere, such that the behavior of the trajectories near a singularity for Z > 0 is the same (except by a change of direction) as in the opposite singularity for Z < 0, so sources correspond to sinks and saddles with unstable manifold along Z = 0 correspond to saddles with stable manifold along
Z=O.
If we have 6 hyperbolic singularities in 3 pairs as above, then the only possibility is the one of Figure 2 , where we denote the sources by +, the sinks by -, and the saddles by S. So the only possible foliations are the ones of Figures 3 and 4 .
Actually, all we need is that one of the diagonal terms of DV (Yo, 0) is nonzero. We know then that the singularity is either a node, a saddle, or a saddle-node [T] , and this is sufficient to determine the foliation in the half-sphere. 
has one simple and one double root, then we have a pair of antipodal hyperbolic singularities and another antipodal pair that has hyperbolicity only along the Z-direction. Considering the vector field restricted to the boundary of the half-sphere, it becomes clear that we have 2 saddle-nodes at the points corresponding to the double root, and a source-sink pair corresponding to the simple root. The foliation, then, is either the one of Figure 5 or the one of Figure 6 . Figure 5 can be realized by (xy + y2) dx -(x 2 + 1) dy = 0 and Figure 6 by (xy + y2 + 1) dx -x 2 dy = O.
(a3) If P2 + YQ2 has a triple root, we have a single pair of singularities and the hyperbolicity in the Z-direction imposes that it must be a source-sink pair. We FIGURE 8 FIGURE 9
FIGURE 10 FIGURE 11
have Figure 7 . This case can be realized by xy dx
has a pair of complex roots, we have only one pair of singularities, and they are hyperbolic, so again we have Figure 7 . This case can be realized 
has a double root we have two different situations.
(b2.1) The double root is not the common root of P2 and Q2' We have two pairs of singularities, one hyperbolic only in the Z-direction and the other hyperbolic only in the Y -direction. The double root generates a pair of saddle-nodes, so we have Figure 
This happens if c = e' = 0 and c' = -e; then P2(x, y) = (ax + by)y and Q2(X, y) = -(ax + by)x. In this case, we see that V
We consider V = V j Z which extends to Z = 0 as (PI + Y Ql, Q2). We will study V in §4 and see that we get the situation of hemisphere. This implies that the foliation is trivial (trivialization lemma in [Pl).
Blowing up summary.
Blowing up is a well-known method for studying isolated degenerate singularities of vector fields. In order to fix notations we will briefly present the basic facts which will be used in this paper. As before, if YVi -ZV 1 d ¥= 0 (and this is the case in this paper), we can divide by zd-l and get a new analytic vector field 8' which leaves the y-axis invariant and has at most d + 1 singularities, on the y-axis. As we are interested only in the trajectories of 8' near the z-axis (to complete our picture of the trajectories of V), we have to consider only two cases:
Pull back VIR2-{Z-axis} by f to obtain a vector field
(i) 8' is nonsingular at (0,0) and by the invariance of the y-axis, it is almost horizontal near (0,0). (ii) S' (0,0) = 0, and we will study this singularity, blowing up again, if necessary (in this paper we will only encounter here hyperbolic singularities).
4. 
with the condition that P = 0 and Q = 0 do not intersect and -alb is a simple root of e + (e + e') Y + e'y2. By a simple change of coordinates, it is sufficient to consider a = 0 and b = 1. Then we must have e = m = 0, e =I-0, e' =I-0, e + e' =I-0, and n 2 -4ep < 0 (nonintersection condition).
We have
). The singularities of V are (0,0) and ((e + e')/( -e'), 0)
we have A1 = (e + c')2 Ie' and A2 = (e + c')ele'. So we have a source-sink pair if (e + c')e > 0 and a saddle-saddle pair if (e + c')e < O. Remember that if e + c' = 0 we have a triple root and this is (b.3); and if e = 0, 4.2. The (c2.1) case. As before, we simplify the equation before blowing up:
A simple change of coordinates will transform this into an equation with f = 1, j = 0, so we need only to consider (ax + by + c) dx + (xy + gy2 + hx + iy) dy = 0.
Blowing up (0,0) by the map f, we get U = (UI ,U2) given by 
U / z has singularities (0,0) and (-2a, 0) with derivatives respectively eoa ~J and 
If n = 0 we can divide by y and see that U /y has (0,0) as its only singularity, with derivative (~ ':1). Let U = (U 1, U 2) be the vector field obtained by U using the directional blowing up f(y, z) = (y, yz).
Uly has singularities at (0,0) and at (O,-l/n) with derivatives, respectively, equal to
and b i ° (nonintersection condition) we have a saddle-node at (0, -lin).
Let [; = ([;1, [;2) be the vector field obtained by U using the directional blowing up g(y,z) = (yz,z).
It is clear that the origin is a saddle point for [;1 z. Its derivative there is (2; -..?n)'
From U and [; we get U (Figure j) and from U and 8 we get V (Figure k) .
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use U /y has (0,0) as its only singularity, but it is a degenerate one, which will require another blow up.
U / z has (0,0) as its only singularity with derivative eoa ~J. T /y has singularities at (0,0) and (0, -2/3a) with derivatives respectively equal to ( ~ ~2 ) and (-40~a2 ~).
T / z has singularities at (0, 0) and at (-3a/2, 0) and as we remarked before we only need to study (0,0), where T / z has derivative e; -~J. 
